Abstract. We prove that every deformed mesh algebra of type F 4 is isomorphic to the canonical mesh algebra of type F 4 .
Introduction
Throughout this article, K will denote a fixed algebraically closed field. By an algebra we mean an associative finite-dimensional K-algebra with identity, which we moreover assume to be basic and connected. For an algebra A, we denote by mod A the category of finite-dimensional right A-modules and by Ω A the syzygy operator which assigns to a module M in mod A the kernel of a minimal projective cover P A (M) → M of M in mod A. Then a module M in mod A is called periodic if Ω n A (M) ∼ = M for some n ≥ 1. Further, the category of finite-dimensional A-A-bimodules over an algebra A is canonically equivalent to the module category mod A e over the enveloping algebra A e = A op ⊗ K A of A. Then an algebra A is called a periodic algebra if A is a periodic module in mod A e . It is known that if A is a periodic algebra then is self-injective and every module M in mod A without non-zero projective direct summands is periodic. Periodic algebras play currently a prominent rôle in the representation theory of algebras and have attracted much attention (see the survey article [10] ). In particular, it has been proved in [8] that all self-injective algebras of finite representation type (different from K) are periodic. We refer also to recent articles [11, 12, 13] on the connections of periodic algebras with finite groups and triangulated surfaces. In this note we are concerned with the classification of deformed mesh algebras of Dynkin types
, and L n (n ≥ 1). It was shown in [4, 10] that for these algebras the third syzygy permutes the isomorphism classes of simple modules. It was also shown in [4, 10] that, for algebraically closed fields of positive characteristic, the deformed mesh algebras of Dynkin type are periodic of algebras. On the other hand, for algebraically closed fields of characteristic 0, it is expected that every deformed mesh algebra of Dynkin type is isomorphic to the mesh algebra of Dynkin type, and hence is also a periodic algebra. The class of deformed mesh algebras of Dynkin type contains the deformed preprojective algebras of generalized Dynkin types A n (n ≥ 2), D n (n ≥ 4), E 6 , E 7 , E 8 and L n (n ≥ 1), which occur naturally in very different contexts. For these, the third syzygy of any simple module is isomorphic to its shift by the Nakayama functor (see [4] ). We refer to [4, 10] , for results on the importance of these algebras in the representation theory of self-injective algebras. Mesh algebras of Dynkin types include in particular the stable Auslander algebras of the Arnold's simple hypersurface singularities [1] . In fact, it is an interesting open problem whether any deformed mesh algebra, of Dynkin type over an arbitrary closed field K is a stable Auslander algebra of a simple hypersurface singularity. We recall that it was proved in [5] that the deformed preprojective algebras of generalized Dynkin type L n (in the sense of [4] ) are exactly (up to isomorphism) the stable Auslander algebras of simple plane singularities of Dynkin type A 2n . Moreover, it was shown in [6] that the deformed mesh algebras of Dynkin type C n are isomorphic to the canonical mesh algebras of type C n , and hence to the stable Auslander algebras of the unique simple plane curve singularity of type A 2n−1 . It was also shown in [3] that deformed mesh algebras of Dynkin type E 6 are isomorphic to the canonical mesh algebra of type E 6 . It is known, that the mesh algebra of Dynkin type G 2 is in fact a tubular algebra (isomorphic to the algebra A 4 from [7] ), and it follows from proof of [7, Lemma 5.16] that the deformed mesh algebras of Dynkin type G 2 are isomorphic to the canonical mesh algebra of type G 2 . On the other hand, there exist deformed mesh algebras of the Dynkin types B n (see [10, Example 9 .1]), D n (see [4, Proposition 6 .1]), E 7 and E 8 (see [2, Theorem] ) not isomorphic to the canonical mesh algebras of these types. But classifying these algebras seems to be a difficult problem. For more information on classification and periodicity of mesh algebras we refer to [9] . For more information on hypersurface singularities we refer to [14, 15] . For general background on the representation theory and selfinjective algebras we refer to [16] .
Results
The main aim of this article is to prove the following theorem providing the classification of deformed mesh algebras of type F 4 .
Theorem 1. Every deformed mesh algebra of type F 4 is isomorphic to the canonical mesh algebra of type F 4 .
We recall that the canonical mesh algebra P (F 4 ) of type F 4 is given by the quiver
and the relations
We note that Λ(F 4 ) is not a weakly symmetric algebra, and hence not a symmetric algebra. Further, consider the local commutative algebra
which is isomorphic to the algebra e 0 Λ(F 4 )e 0 , where e 0 is the primitive idempotent in Λ(F 4 ) associated to the vertex 0 of Q F 4 . An element f from the square rad 2 R(F 4 ) of the radical rad R(F 4 ) of R(F 4 ) is said to be admissible if f satisfies the following condition
Let f ∈ rad 2 R(F 4 ) be admissible. We denote by Λ f (F 4 ) the algebra given by the quiver Q F 4 and the relations
The following lemma describes the structure of admissible elements of rad 2 R(F 4 ).
Lemma 2. An element f from rad 2 R(F 4 ) is admissible if and only if
f (x, y) = θ 1 xy + θ 2 yx + θ 3 xxx + θ 4 xxy + θ 5 yxx + θ 6 xxxx + θ 7 xxxy
, and
Proof. We claim, that B = {1 K , x, y, xx, xy, yx, xxx, xxy, yxx, xxxx, xxxy, xxxxx} form a basis of R(F 4 ) over K. Indeed, it is easy to see, by induction on the degree of elements from R(F 4 ), that each element ω ∈ R(F 4 ) which is a multiplication of elements x and y is a linear combination (possibly trivial) of elements from B. In particular we have: Similarly, using above equations we obtain equalities:
Moreover, observe that Let f ∈ rad 2 R(F 4 ). Then f (x, y) = θ 0 xx + θ 1 xy + θ 2 yx + θ 3 xxx + θ 4 xxy + θ 5 yxx + θ 6 xxxx + θ 7 xxxy + θ 8 xxxxx for some θ 0 , . . . , θ 8 ∈ K. Then we have
Hence f is admissible if and only if there are satisfied equalities
Clearly, these equalities are equivalent to the equalities θ 0 = 0,
This ends the proof.
The remaining part of this article is devoted to the proof of Theorem 1.
Let f be an admissible element of rad 2 R(F 4 ). We will show that the algebras Λ(F 4 ) and Λ f (F 4 ) are isomorphic. This will be done via a change of generators in Λ(F 4 ). It follows from Lemma 2 that there exist θ 1 , . . . , θ 8 ∈ K, satisfying θ 2 = −θ 1 , θ 5 = 2θ 3 − θ 4 + θ 2 1 , and 2θ 7 = 2(θ 6 − θ
f (x, y) = θ 1 xy + θ 2 yx + θ 3 xxx + θ 4 xxy + θ 5 yxx + θ 6 xxxx + θ 7 xxxy + θ 8 xxxxx.
Now we change generators in Λ(F 4 ). We replace a 1 by a 3ā2 a 3ā2 a 3ā3  + θ 8ā2 a 3ā2 a 3ā2 a 3ā3 a 2ā3 and keep all other arrows (i.e. a 2 , a 3 , a 4 , a 5 ,ā 2 ,ā 4 ,ā 5 ) as they are. Then
Therefore this is an invertible change of generators.
We will show now that, with these new generators, Λ(F 4 ) satisfies the relations of Λ f (F 4 ). Hence we need to show the equalities
We note that from the relations a 1ā1 = 0 andā 1 a 1 +ā 2 a 3 +ā 3 a 2 = 0 we obtain the equalities 1ā2 a 3ā2 a 3ā1 − a 1ā2 a 3ā1 a 1ā1 = −a 1ā2 a 3ā2 a 3ā1 ,   a 1ā3 a 2ā2 a 3ā1 = −a 1ā2 a 3ā2 a 3ā1 − a 1ā1 a 1ā2 a 3ā1 = −a 1ā2 a 3ā2 a 3ā1 ,   a 1ā3 a 2ā3 a 2ā1 = −a 1ā2 a 3ā3 a 2ā1 − a 1ā1 a 1ā3 a 2ā1 = a 1ā2 a 3ā2 a 3ā1 .
Note also that from the calculation from the proof of Lemma 2 (with x = a 2 a 3 and y =ā 3 a 2 ) we have the equalityā 2 a 3ā3 a 2ā3 a 2ā2 a 3 = −ā 2 a 3ā2 a 3ā2 a 3ā2 a 3 , and hence the equality a 1ā2 a 3ā3 a 2ā3 a 2ā2 a 3ā1 = −a 1ā2 a 3ā2 a 3ā2 a 3ā2 a 3ā1 .
Moreover, we have the equalities (θ 1 θ 6 + 2θ
We have also a 3ā2 a 3ā2 a 3ā2 a 3ā3 = −a 3 (ā 3 a 2ā3 a 2ā2 a 3 +ā 3 a 2ā2 a 3ā2 a 3 )ā 3 = 0, and similarly a 3ā2 a 3ā2 a 3ā2 a 3ā2 a 3ā3 = 0, and hence we obtain a 3ā ′ 3 +ā 4 a 5 = a 3ā3 +ā 4 a 5 = 0.
Further, observe that
In the calculations ofā ′ 1 a ′ 1 we will use the formulas derived in the proof of Lemma 2 (with x =ā 2 a 3 and y =ā 3 a 2 ) and the substitutionā 1 a 1 = −(ā 2 a 3 +ā 3 a 2 ). We havē ) ā 2 a 3ā2 a 3ā2 a 3ā2 a 3ā2 a 3 =ā 1 a 1 − θ 1ā2 a 3ā3 a 2 + θ 1ā3 a 2ā2 a 3 − θ 3ā2 a 3ā2 a 3ā2 a 3 − θ 4ā2 a 3ā2 a 3ā3 a 2 − θ 5ā3 a 2ā2 a 3ā2 a 3 − θ 6ā2 a 3ā2 a 3ā2 a 3ā2 a 3 + (2θ 1 θ 3 − 2θ 1 θ 4 + θ 3 1 − θ 6 )ā 2 a 3ā2 a 3ā2 a 3ā3 a 2 . 
